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AN IMPLICIT WAVELET SPARSE APPROXIMATE
INVERSE PRECONDITIONER∗

STUART C. HAWKINS† AND KE CHEN‡

Abstract. Wavelet-based sparse approximate inverse preconditioners are considered for the
linear system Ax = b. The preconditioners are good sparse approximations to the inverse of A
computed by taking advantage of the compression obtained by working in a wavelet basis. When
the representation of A in a single scale basis (for example, a finite element basis) is available, the
formulation presented obviates computation of the representation of A in the wavelet basis and
removes the associated costs. Efficient application for both sparse and dense A is considered.
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1. Introduction. We consider the fast solution of the linear system

Ax = b,(1.1)

where A is a large n × n matrix. Such linear systems arise in finite element or
finite difference discretizations, where typically A is sparse, and in boundary element
discretizations, where typically A is dense. There is much interest in techniques for
iteratively solving (1.1) using Krylov subspace methods such as GMRES [29, 30].

To improve performance of the iterative solver when A is ill conditioned (1.1) may
be replaced by the left preconditioned linear system

MAx = Mb(1.2)

or the right preconditioned linear system

AMy = b.(1.3)

To improve performance of the iterative solver we desire MA ≈ I in (1.2) or AM ≈ I
in (1.3). To ensure that matrix vector multiplication with the preconditioner is cheap
we require that M be sparse.

Sparse approximate inverse techniques are widely used to produce preconditioners
M . Sparse approximate inverses can be produced by iterative techniques, as described
by Chow and Saad [13] and Benzi and Tůma [5], but we consider direct techniques
based on direct solution of (reduced) least squares problems, as described by Benson
and Frederickson [3], Kolotilina and Yeremin [24], Grote and Huckle [22], and Benzi
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and Tůma [5]. We present our work in the context of right preconditioning, where
the aim is to minimize

‖AM − I‖F(1.4)

subject to a prescribed sparsity pattern for M . A sparse approximate inverse for left
preconditioning is computed by minimizing ‖MA − I‖F . However, ‖MA − I‖F =
‖ATMT − I‖F and so the theory and application is the same as for right precondi-
tioning, though it looks more complicated.

To minimize ‖AM−I‖F note that ‖AM−I‖2
F =

∑n
j=1 ‖Amj−ej‖2

2, where mj is
the jth column of M . Thus minimizing ‖AM − I‖F reduces to solving n independent
least squares problems. This is easy to implement in parallel.

Good approximations to A−1 can be obtained from sparse approximate inverse
techniques when A−1 is sparse, but not when A−1 is dense. Sparse matrices need not
have a sparse inverse. For example, consider the inverse of the matrix

A = n2

⎛⎜⎜⎜⎜⎜⎝
−2 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 −2

⎞⎟⎟⎟⎟⎟⎠
obtained by finite difference discretization of the Laplacian. It can be seen in Fig-
ure 1.1(a) that A−1 is dense.

Chen [10] and Carpentieri, Duff, and Giraud [7] discuss sparse approximate inverse
techniques for dense matrices arising from boundary element discretizations. The idea
is to split A = S+F , where S is sparse and F is dense. Then A can be preconditioned
with a sparse approximate inverse of S. The choice of S is crucial here.

When A is a discretization of a pseudodifferential operator one can view A−1 as
the discretization of an integral operator whose kernel is the Green’s function associ-
ated with A. A−1 is typically dense but representation in a wavelet basis compresses
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Fig. 1.1. (a) Visualization of the inverse of a discretization of the Laplacian with n = 32. (b)
Visualization of the same matrix represented in the Daubechies 4 wavelet basis. Radius of dots is
based on matrix entry magnitudes.
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A−1 when the Green’s function is smooth. If, additionally, the Green’s function is
smooth away from the diagonal, then A−1 has a special finger pattern in the wavelet
basis. Off-diagonal fingers result from interactions between wavelets at different scales.
This pattern can be seen in Figure 1.1(b), which is a visualization of the matrix in
Figure 1.1(a) represented in the Daubechies 4 [17] wavelet basis.

The compression of the matrix A−1 in the wavelet basis allows it to be well
approximated by a sparse matrix. Furthermore, the finger pattern of the large entries
is predictable. Formally, denote representation in the wavelet basis with ·̃ so that, in
the wavelet basis, (1.1) becomes

Ãx̃ = b̃.(1.5)

One can approximate Ã−1 with a finger-patterned sparse approximate inverse of Ã

because Ã−1 = Ã−1.
Chan, Tang, and Wan [9] use this sparse approximate inverse of Ã as a precon-

ditioner for (1.5) but restrict the pattern of the sparse approximate inverse to block
diagonal. This simplifies the computation, but interactions between wavelets at differ-
ent scales are omitted in the calculation of the preconditioner. This is in line with the
theory of Dahmen and Kunoth [16], who show that diagonal preconditioning yields a
condition number that is independent of the number of unknowns.

However, as observed by Cohen and Masson [15], sometimes diagonal precondi-
tioning is not sufficient for efficient iterative solution. Cohen and Masson [15] com-
pute finger-patterned sparse approximate inverses for (1.5) in a slightly different con-
text where (1.5) is obtained directly from the underlying partial differential equation
(PDE) or boundary integral equation (BIE) with discretization using wavelet basis
functions. Use of the full finger pattern for the sparse approximate inverse means
that all interactions between scales are included in this preconditioner. This makes
the preconditioner more robust but can sometimes make the computation of the sparse
approximate inverse prohibitively expensive because a small number of dense columns
or rows can be present in the finger pattern.

Bridson and Tang [6] compute a sparse approximate inverse of Ã where the spar-
sity pattern of the approximate inverse is determined adaptively. The adaptive sparse
approximate inverse algorithm does not require the entries of Ã to be available, and al-
lows second generation wavelets to be used efficiently. However, Chow [12] notes that
adaptive sparse approximate inverse algorithms can be more expensive to implement
than sparse approximate inverse algorithms for which the pattern of the approximate
inverse is known in advance.

We remark that, outside the sparse approximate inverse framework, Chan and
Chen [8] proposed a recursive preconditioner that does not require Ã to be computed.

We present a new preconditioner that takes advantage of the structure possessed
by A−1 when it is represented in the wavelet basis. Like Cohen and Masson [15]
we incorporate all of the interactions between wavelets at different scales, which is
sometimes necessary to produce a robust preconditioner. We describe strategies that
overcome the computational difficulties presented by the subsequent sparsity pattern
of the preconditioner. Many of our computations involve A rather than Ã because
our formulation applies the discrete wavelet transform implicitly. When A is sparse,
it is often sparser than Ã, and working with A rather than Ã reduces the cost of
computing the sparse approximate inverse. The cost of computing Ã is also removed.

A typical discrete wavelet transform is applied to the vector x ∈ R
n as follows.

For simplicity we assume n = 2N for some N ∈ N, but the theory in this paper applies
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whenever n = sNp for some N, s, p ∈ N. Let h0, h1, . . . , hm−1 and g0, g1, . . . , gm−1 be
the low-pass and high-pass filter coefficients of the transform. Then the level L ≤ N
discrete wavelet transform of x is the vector x̃ = (sL, dL, dL−1, . . . , d1), where

s0 = x,(1.6)

skj =

m−1∑
l=0

hls
k−1
〈l+2j−1〉

n/2k−1
, j = 1, 2, . . . , n/2k,(1.7)

dkj =

m−1∑
l=0

gls
k−1
〈l+2j−1〉

n/2k−1
, j = 1, 2, . . . , n/2k,(1.8)

where 〈a〉b denotes c + 1, c being the remainder of a − 1, modulo b. For example,
〈256〉256 = 256 and 〈257〉256 = 1. When L = N we say that x̃ is fully transformed.
The discrete wavelet transform of a matrix is obtained by transforming each row of
the matrix, and then transforming each column of the result.

Equation (1.7) can be rewritten as

sk = Uks
k−1,

where

Uk =

⎡⎢⎢⎢⎣
h0 h1 h2 · · · hm−1

h0 h1 h2 · · · hm−1

...
h2 · · · hm−1 h0 h1

⎤⎥⎥⎥⎦
is an n/2k × n/2k−1 matrix. In the same way (1.8) can be rewritten as

dk = Vks
k−1,

where

Vk =

⎡⎢⎢⎢⎣
g0 g1 g2 · · · gm−1

g0 g1 g2 · · · gm−1

...
g2 · · · gm−1 g0 g1

⎤⎥⎥⎥⎦
is an n/2k×n/2k−1 matrix. When m > n/2k−1 the entries wrap around, for example,
when m = 4 the 1 × 2 level N matrices are

UN =
[
h0 + h2 h1 + h3

]
,

VN =
[
g0 + g2 g1 + g3

]
.

The level L discrete wavelet transform can be written as

x̃ = WTx = WT
L WT

L−1 · · ·WT
1 x(1.9)

with

WT
k =

⎡⎣ Uk

Vk
0

0 In−n/2k−1

⎤⎦ .
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The paper is structured as follows. In section 2 we review the wavelet sparse
approximate inverse preconditioner of Chan, Tang, and Wan [9]. In section 3 we
introduce our new preconditioner that avoids transforming A. In section 4 we discuss
how to implement our new algorithm and consider how to compute the entries of
the wavelet basis vectors, which are required to implement the new method. We end
the section with some comments on the relative costs of computing the Chan, Tang,
and Wan [9] preconditioner and the new preconditioner. In section 5 we consider
modifications to these preconditioners for the case when A is dense. In section 6 we
present some theory on the conditioning of the new preconditioned iteration matrix.
In section 7 we present some numerical experiments. We finish with some conclusions
in section 8.

2. Wavelet-based sparse approximate inverse. Cohen and Masson [15] show
that, for a wide class of PDE problems, A−1 is sparse in the wavelet basis. Noting
this we review the preconditioning method of Chan, Tang, and Wan [9].

Let W be as in (1.9). Since Ã−1 = WTA−1W = (WTAW )−1 = Ã−1, Chan, Tang,

and Wan [9] propose a sparse approximate inverse preconditioner M̃ for Ã computed

by solving a minimization problem analogous to (1.4), that is, by minimizing ‖ÃM̃ −
I‖F . Cohen and Masson [15] established that, for a wide class of pseudodifferential

equations, both Ã and Ã−1 have a finger pattern. Thus a sparse approximate inverse
of Ã is justified and a finger pattern for M̃ can usually be prescribed. The Chan,
Tang, and Wan [9] algorithm is described by Algorithm 1.

Algorithm 1.

1. Compute Ã = WTAW , b̃ = WT b.
2. Compute M̃ , a right sparse approximate inverse of Ã.
3. Solve Ã M̃ ỹ = b̃.
4. Compute x = WM̃ỹ.

Step 1 involves computing Ã, an operation that has complexity O(n), depending
on the level of the transform, the method of applying the transform, and the sparsity
of A. The computation of Ã is a significant part of the total cost of implementing
Algorithm 1.

When A is sparse, the matrix vector multiplications with Ã involved in step 3
should be applied in factored form with WTAW rather than with Ã itself.

Finger-patterned matrices, though sparse, can have a small number of dense
columns and rows. As noted by Gould and Scott [20] the presence of dense columns

in M̃ require that care be taken in its computation. Reducing the sparsity pattern
of M̃ to block diagonal, as described by Chan, Tang, and Wan [9], is one way to
solve this problem but relinquishes robustness because interactions between scales are
disregarded. In this paper we present a new and cheaper way of using wavelets to
give a sparse preconditioner with a predictable pattern but without computing Ã.
Interactions between wavelets at different scales are included.

3. A new implicit wavelet sparse approximate inverse preconditioner.
We describe a new wavelet sparse approximate inverse preconditioner that is closely
related to the preconditioner in Algorithm 1 but the requirement that Ã be available
is removed and the wavelet transform is applied implicitly. This is facilitated by
changing the way in which the sparse approximate inverse is computed. Additionally
we use the whole finger pattern for the preconditioner to ensure that all interactions
between scales are included.
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Observe that

‖ÃM̃ − I‖F = ‖WTAWWTMW − I‖F
= ‖WTAMW − I‖F
= ‖WWTAMW −W‖F
= ‖AM̂ −W‖F ,

where M̃ = WTMW and M̂ = MW = WM̃ . It is not difficult to see that M̂
has a predictable sparsity pattern, because M̃ has a predictable sparsity pattern.
Minimizing ‖AM̂ − W‖F reduces to n independent least squares problems in the
same way as minimizing ‖AM − I‖F . These observations lead to a new algorithm.

Algorithm 2.

1. Compute M̂ , the minimizer of ‖AM̂−W‖F subject to the prescribed sparsity

pattern for M̂ .
2. Solve WTAM̂ỹ = WT b.
3. Compute x = M̂ỹ.

M̂ is an approximation to A−1 represented from the wavelet basis to the standard,
single scale basis. We establish in Theorem 6.1 that this matrix possesses a band
pattern like that shown in Figure 3.1(b) and which is analogous to the finger pattern
shown in Figure 3.1(a). In fact W possesses such a band pattern, and our practical

experience has shown that the pattern of W provides a suitable pattern for M̂ .
In fact we have implicitly applied a one-sided wavelet transform to M , compared

with the two-sided wavelet transform of M in the Chan, Tang, and Wan [9] algorithm.
In this way we achieve compression and structure in A−1 and like the Cohen and
Masson [15] preconditioner, our preconditioner includes interactions between different
scales. The one-sided application of the wavelet transform provides less compression
than the two-sided application but our practical experience is that the compression
achieved is sufficient.

In general the preconditioner M̂ is unsymmetric, even when A is symmetric.
Symmetrization techniques such as the one presented for Algorithm 1 by Chan, Tang,
and Wan [9] are precluded because the nonsymmetric pattern of M̂ is dictated by
the decay of the inverse of A and the properties of the wavelet basis. Although in
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Fig. 3.1. Visualizations of (a) a finger-patterned matrix and (b) a one-sided finger-patterned
matrix.
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general it is more expensive to solve unsymmetric systems than symmetric systems,
use of this new strategy for symmetric systems is justified because construction of the
preconditioner in Algorithm 2 is cheaper than construction of the preconditioner in
Algorithm 1.

4. Implementation details. We now discuss how to solve in practice the least
squares problem in Algorithm 2. Analysis of the least squares problem reveals two
important considerations for practical implementation of the algorithm. We show
how to address these considerations by slightly modifying how the preconditioner is
constructed, and by finding cheaper ways of computing the wavelet matrix W . We
finish with some comments about the complexity of computing the matrices Ã and
W .

Consider the problem of minimizing ‖AM̂ −W‖F at step 1 of Algorithm 2. Let
Sj be the set of indices of the nonzero entries of m̂j where m̂j is the jth column of

M̂ . The classical approach to solving the minimization problem is to observe that

‖Am̂j − wj‖2 = ‖A(:, Sj)m̂j(Sj) − wj‖2

and

argmin ‖A(:, Sj)m̂j(Sj) − wj‖2 = argmin ‖A(Tj , Sj)m̂j(Sj) − wj(Tj)‖2,

where Tj indexes the nonzero rows of A(:, Sj) and wj is the jth column of W . With
the reduced QR factorization A(Tj , Sj) = QR we have

‖A(Tj , Sj)m̂j(Sj) − wj(Tj)‖2 = ‖QRm̂j(Sj) − wj(Tj)‖2,(4.1)

which can be minimized by solving Rm̂j(Sj) = QTwj(Tj) by back substitution.
We make two observations. First, the entries wj(Tj) must be known. Second,

the principal cost of minimizing (4.1) is that of computing the QR factorization of
A(Tj , Sj). This requires O(|Tj ||Sj |2) arithmetic operations, becoming O(|Sj |3) when
A is banded because then |Tj | ∼ |Sj |. Algorithm 2 becomes impractical in its ba-
sic form when L = N because then |Sj | = n for some columns j. The following
modifications address the second observation.

1. Use a wavelet transform of level L < N . Note that maxj=1,n |Sj | ≈ 2L.
2. Compute m̂j by minimizing (4.1) whenever |Sj |/n ≤ ρ for some parameter

ρ ∈ (0, 1). Otherwise compute m̂j by solving Am̂j = wj using a small number of
GMRES steps.

3. Restrict Sj . This approach is used by Chan, Tang, and Wan [9]. We do not
use this approach because we aim to include the off-diagonal finger pattern into our
preconditioner.

The ability to compute the necessary entries of W is crucial. Many discrete
wavelet transforms are applied level by level, with

W = W1W2 · · ·WL−1WL.

The matrices Wi represent single levels of the transform and are often readily available,
although W may not be. Computation of W by multiplying the factors Wi is possible
because W and its factors are sparse.

More generally, the kth column of W can be computed by inverse-transforming
the kth Euclidean vector ek using any transform algorithm. Only O(L) wavelets need
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to be computed in this way because the wavelets at each level are translations of each
other—thus only one wavelet at each level must be computed.

It remains to comment on the relative costs of Algorithms 1 and 2. Sparse ap-
proximate inverse and setup are considered. In computing the sparse approximate
inverse in Algorithm 1, the restricted pattern for M̃ yields |Sj | = c for some constant

c. However, |Tj | is difficult to estimate because it depends on the pattern of Ã. Nev-

ertheless, one can bound the costs of computing M̃ by O(n2c2). A realistic estimate

is O(nc2) because there are few dense columns of Ã.

In Algorithm 2, recall that |Tj | ∼ |Sj | when A is banded. The cost of computing

M̂ is then bounded by O(n[maxj=1,n |Sj |]3). Note that maxj=1,n |Sj | ≈ 2L, yielding
a cost O(n23L). When L is kept constant, the cost becomes linear in n.

Setup for Algorithm 1 involves computing Ã. Setup for Algorithm 2 involves
computing W . The former requires forward wavelet transforming 2n vectors. The
latter requires inverse wavelet transforming O(L) ≤ O(log2 n) vectors. W may be

stored and reused for other problems of the same size. We will show that Ã can
be computed in O(12mnα) arithmetic operations when A has bandwidth α, and

W can be computed in O(4m(m − 1)n) arithmetic operations. Ã and W may be
computed naively by multiplication of sparse matrices. This is easily implemented but
it introduces a computational overhead, although the arithmetic operation estimates
will be realized. Computation of Ã remains more expensive than that of W .

Algorithm 3 is the typical pyramid algorithm for the forward discrete wavelet
transform. Let α ∈ N be large compared with m/2. Then the complexity of trans-
forming a vector with α nonzeros is approximately O(2m × 2α[1 − 1/2L]) and the
transform of the vector contains approximately 2α[1−1/2L] nonzeros. It follows that
transforming a banded matrix with α nonzeros in each column involves transforming
n columns each with α nonzeros and then n rows each with 2α[1 − 1/2L] nonzeros.
The complexity of this transformation is approximately

O
(
2mn×

[
2α[1 − 1/2L] + 2

(
2α[1 − 1/2L]

)
[1 − 1/2L]

])
≈ O(12mnα).

Algorithm 4 is the typical pyramid algorithm for the inverse discrete wavelet trans-
form. The complexity of inverse transforming the Euclidean vector whose nonzero
entry appears in sl or dl is approximately O(2m(m − 1)2l). Thus the complexity
of transforming L Euclidean vectors whose nonzeros appear in s1, s2, . . . , sL, respec-
tively, is approximately

O

(
L∑

l=1

2m(m− 1)2l

)
≈ O(4m(m− 1)2L).

When n = 2L the second estimate becomes O(4m(m − 1)n) and we see that

computing Ã is approximately 12α/4(m−1) times more expensive than computing W .

Algorithm 3. Forward transform.

1. Let s0 = x.
2. For level k = 1, 2, . . . , L

(a) Let skj =
∑m−1

l=0 hls
k−1
〈l+2j−1〉

n/2k−1
, j = 1, 2, . . . , n/2k.

(b) Let dkj =
∑m−1

l=0 gls
k−1
〈l+2j−1〉

n/2k−1
, j = 1, 2, . . . , n/2k.

3. Let x̃ = (sL, dL, dL−1, . . . , d1).
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Algorithm 4. Inverse transform.

1. Let (sL, dL, dL−1, . . . , d1) = x̃.
2. For level k = L,L− 1, . . . , 1

(a) Let sk−1
j =

∑m/2−1
l=0 h2ls

k
〈(j+1)/2−l〉n/2k +

∑m/2−1
l=0 g2ld

k
〈(j+1)/2−l〉n/2k for

j = 1, 3, . . . , n/2k−1 − 1.

(b) Let sk−1
j =

∑m/2−1
l=0 h2l+1s

k
〈j/2−l〉n/2k +

∑m/2−1
l=0 g2l+1d

k
〈j/2−l〉n/2k for j =

2, 4, . . . , n/2k−1.
3. Let x = s0.

5. Dense problems. Although our primary purpose is to precondition sparse
problems arising from PDEs, we consider in this section the application of Algo-
rithms 1 and 2 to dense problems where A either is fully available or is partially
available, for example, using the fast multipole method [21, 27].

Consider the general problem of finding M that minimizes ‖BM − C‖F subject

to a specified sparsity pattern for M . When B = Ã and C = I this corresponds to
the minimization problem at step 2 of Algorithm 1. When B = A and C = W this
corresponds to the minimization problem at step 1 of Algorithm 2.

Let Sj index the nonzero entries of mj , where mj is the jth column of M . A
generalization of the argument in section 4 shows that the minimization problem
reduces to solving n problems of the form Rmj(Sj) = QT cj(Tj), where we have the
QR factorization B(Tj , Sj) = QR, where Tj indexes the nonzero rows of B(:, Sj), and
where cj is the jth column of C.

The principal task in solving each least squares problem is the QR factorization of
the t× s = |Tj | × |Sj | matrix B(Tj , Sj). This operation has complexity O(ts2). Note
that s depends upon the chosen sparsity pattern for M and that t, loosely speaking,
depends upon the sparsity of B.

When A is dense, then Ã in Algorithm 1 is also dense. However, if A is also
smooth, then Ã will have a structure containing many small entries. Computation
of a column of the sparse approximate inverse of a dense matrix using the least
squares approach has complexity O(ns2) and for all but the smallest s is too expensive.
Computation using the GMRES approach (for example, when the column is dense) is
also expensive because it requires repeated matrix vector multiplication with a dense
matrix.

We consider two adaptations to the method of computing the sparse approximate
inverse. Write B = S + F , where S is sparse and F is dense.

1. B is replaced by S in the least squares minimization problems. Thus we
minimize ‖SM − C‖F instead of ‖BM − C‖F .

2. Dense columns of M are computed by solving Smj = cj instead of Bmj = cj
using GMRES.

We propose that adaptation 2 is always necessary for computing dense columns, but
that adaptation 1 is required only when s = |Sj | is not small.

In both cases the idea is to let S be a good sparse approximation to B so that M ,
which approximates S−1, is a good preconditioner for B. A similar approach is taken
by Chen [10] who shows that if the continuous operator S underlying S is bounded
and the continuous operator F underlying F is compact, then S−1(S+F) = I+S−1F
and S−1F is compact. One expects the corresponding matrix S−1(S + F ) to have
the clustered eigenvalues associated with the discretization of such an operator.

The choice of S and F is crucial. Carpentieri, Duff, and Giraud [7] propose the
following strategies.
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1. Algebraic. S is obtained from B by discarding entries whose absolute value
falls below a specified threshold.

2. Topological. When B is obtained by a finite element discretization, S is
obtained by discarding those entries bij of B whose corresponding nodes i and j are
not (at some given level) mesh neighbors.

3. Geometric. When B is obtained by a finite element discretization, S is ob-
tained by discarding those entries of bij of B whose corresponding nodes i and j are
separated by more than a specified distance.

For Algorithm 1 we propose strategy 1 because strategies 2 and 3 do not di-
rectly apply since the entries in Ã do not directly relate to connections between nodes
in a mesh. However, strategies analogous to 2 and 3 can be developed by replac-
ing relationships between nodes with relationships between supports of wavelet basis
functions; see, for example, Hawkins and Chen [23].

For Algorithm 2 one could apply any of these strategies. In some circumstances
details of the mesh may be available but the entries of A are not explicitly known.
Then Ã cannot easily be computed and our method is particularly useful. Under
this context Carpentieri, Duff, and Giraud [7] propose strategies 2 and 3. This sit-
uation arises, for example, in particle simulations or integral equation formulations
for Laplace’s equation when they are solved using the fast multipole method [21, 27].
Here, matrix vector multiplication with A can be performed cheaply and to a specified
accuracy but A is not computed explicitly. One way to obtain columns of A for the
purposes of computing a least squares sparse approximate inverse is to multiply Eu-
clidean vectors by A. This naive approach may be very expensive, because all columns
of A will be needed, though they will not be needed or stored simultaneously when
the preconditioner is sparse. A better way to compute the sparse approximate inverse
in this case might be to use Algorithm 2 with adaptation 1, replacing A in the sparse
approximate inverse computations by a sparse approximation S to A. The entries of
S might be obtained using only near field contributions associated with the singularity.

6. Theoretical details. In this section we justify the banded pattern chosen
for M̂ and present a theoretical bound on ‖WTAM̂ − I‖F . This provides a measure

of the conditioning of the iteration matrix WTAM̂ .
The following theorem establishes that A−1W , which we approximate by M̂ , has

the banded pattern illustrated in Figure 3.1(b). Let {ψi}ni=1 be a wavelet basis in L2

with m vanishing moments. Such properties of wavelets are discussed fully by Strang
and Nguyen [31]. Let Ii denote the support of ψi, and suppose that ‖ψi‖2 = 1. Let
{hi}ni=1 be a single scale basis in L2, with Īi denoting the support of hi, and with
‖hi‖2 = 1.

Theorem 6.1. Suppose that the Green’s function K(x, y) satisfies∣∣∣∣∂mK

∂xm
(x, y)

∣∣∣∣ ≤ Cm

|x− y|m+1
for x 	= y(6.1)

for some constant Cm. Let N̂ be the discrete operator of K(x, y) from the wavelet
basis {ψj}nj=1 to the single scale basis {hi}ni=1. Then

|N̂ij | ≤ b(Ij , Īi)

with

b(Ij , Īi) = C|Ij |(2m+1)/2 1

dist(Ij , Īi)m+1

for some constant C.
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The proof of Theorem 6.1 is given in the appendix.
Choose ε > 0 and let S = {(i, j) : |b(Ij , Īi)| > ε}. Denote by N̂S the matrix

obtained by cutting N̂ to the pattern S. Then

max
(i,j)

∣∣∣N̂S
ij − N̂ij

∣∣∣ ≤ max
(i,j)/∈S

|b(Ij , Īi)|

≤ ε.

Theorem 6.2. If we choose S as the sparsity pattern for M̂ , then∥∥∥WTAM̂ − I
∥∥∥
F
≤ nε‖A‖F .

Proof. Denote the jth column of N̂S by n̂S
j . Similarly denote the jth column of

M̂ by m̂j and the jth column of W by wj .
Then ∥∥∥WTAM̂ − I

∥∥∥2
F

= ‖AM̂ −W‖2
F

=

n∑
j=1

‖Am̂j − wj‖2
2

≤
n∑

j=1

‖An̂S
j − wj‖2

2

= ‖AN̂S −W‖2
F

≤ ‖N̂S −A−1W‖2
F ‖A‖2

F

≤ ‖N̂S − N̂‖2
F ‖A‖2

F

≤ n2ε2‖A‖2
F .

Remark 6.3. These results give a guide to the effectiveness of M̂ for small ε. The
eigenvalues of the preconditioned matrix will have a desirable distribution when ε is
small, because they will be clustered close to 1.

Theorem 6.2 suggests that one should choose ε sufficiently small, so that the
pattern S leads to a sufficiently small bound ‖WTAM̂ − I‖2

F for the preconditioner

M̂ . In practice, good results can be obtained when ε is large.
A similar bound for ‖ÃM̃ − I‖F is given by Chan, Tang, and Wan [9].

7. Numerical results. We test variants of Algorithms 1 and 2 with GMRES [29,
30] for a range of finite difference discretizations of one-, two-, and three-dimensional
model PDEs, for a range of sparse off-the-shelf matrices obtained from the Matrix
Market [25] and representing finite difference and finite element discretizations of two-
and three-dimensional problems, and for a dense problem arising from a boundary
element discretization of a boundary integral equation. The test problems are as
follows.

• 1D Laplacian. One-dimensional Poisson’s equation

uxx = sin 2πx, x ∈ [0, 1],

with a Dirichlet boundary condition discretized with central differences.
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• 2D Laplacian. Two-dimensional Poisson’s equation

uxx + uyy = −100x2, (x, y) ∈ [0, 1]2,

with a Dirichlet boundary condition discretized with central differences.
• 2D Disc. Two-dimensional PDE with discontinuous coefficients

(a(x, y)ux)x + (b(x, y)uy)y + ux + uy = sin(πxy), (x, y) ∈ [0, 1]2,

with

a(x, y) = b(x, y) =

⎧⎪⎨⎪⎩
10−3, (x, y) ∈ [0, 0.5] × [0.5, 1],

103, (x, y) ∈ [0.5, 1] × [0, 0.5],

1 otherwise,

with a Dirichlet boundary condition discretized with central differences.
• 3D Laplacian. Three-dimensional Poisson’s equation

uxx + uyy + uzz = −100x2, (x, y, z) ∈ [0, 1]3,

with a Dirichlet boundary condition discretized with central differences.
• 3D PDE. Three-dimensional PDE with variable coefficients(

(1 + x2)ux

)
x

+ ((1 + y)uy)y +
(
(2 − z2)uz

)
z

= −100x2, (x, y) ∈ [0, 1]2,

with a Dirichlet boundary condition discretized with mixed forward and back-
ward differences.

• Sherman 3. Matrix Market [25] problem arising from finite difference dis-
cretization of a three-dimensional oil reservoir model.

• Sherman 4. Matrix Market [25] problem arising from finite difference dis-
cretization of a three-dimensional oil reservoir model.

• Watt 1. Matrix Market [25] problem arising in petroleum engineering.
• RDB2048L. Matrix Market [25] problem arising from finite difference dis-

cretization of a reaction diffusion Brusselator model.
• NONSYMA. Two-dimensional PDE with variable coefficients

−εΔu +
∂

∂x
(exyu) +

∂

∂y
(e−xyu) = g, ε =

1

1000
, (x, y) ∈ [0, 1]2,

with a Dirichlet boundary condition discretized with central differences. The
right-hand side is chosen so that the solution vector is (1, 1, . . . , 1)T . This is
a widely used test problem; see, for example, [4, 28].

• NONSYMB. Two-dimensional PDE with variable coefficients

−εΔu +
∂

∂x
(exyu) +

∂

∂y
(exyu) = h, ε =

1

1000
, (x, y) ∈ [0, 1]2,

with a Dirichlet boundary condition discretized with central differences. The
right-hand side is chosen so that the solution vector is (1, 1, . . . , 1)T .

• NONSYMC. Two-dimensional PDE with variable coefficients

−Δu + 2P1ux + 2P2uy = f, P1 = P2 = 50, (x, y) ∈ [0, 1]2,

with a Dirichlet boundary condition discretized with central differences. The
right-hand side is chosen following Elman [18] so that the solution is u(x, y) =
xexy sin(πx) sin(πy).
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• BIE. Dense matrix arising from a boundary element discretization of the
boundary integral operator − 1

2I +Mk + iNk arising in the Burton and Miller
formulation for the exterior Neumann Helmholtz problem [2, 11].

Daubechies 4 wavelets [17] were used for all problems. For the BIE problem we
additionally used multiwavelets [1]. Our method can be applied with other types of
orthogonal wavelet and is easily generalized to work with biorthogonal wavelets [14],
or second generation wavelets [32]. In all experiments we used a wavelet transform
of the same dimension as the underlying PDE problem. Wavelet transforms in two
and three dimensions are easily obtained using tensor products. The Sherman 3 and
Sherman 4 problems have a dimension whose number of unknowns is not divisible by
two and thus not amenable to wavelet transform. We can still use wavelets if we use
a Schur complement method to extract a subsystem involving an appropriately sized
submatrix. For the Sherman 3 and Sherman 4 problems we solve systems involving
appropriate submatrices but do not implement the full Schur complement to obtain
the right-hand side or the solution to the original system. Except where stated oth-
erwise, results were obtained using software written in Fortran and C++ running on
a 1 GHz Intel Pentium 3 machine.

The New preconditioner is of sparse approximate inverse type. As such, it comple-
ments incomplete factorization based preconditioners [29]. For illustration we include
results for an ILUT preconditioner [29]. The fill-in parameter for the ILUT precon-
ditioner is chosen so that the total number of nonzeros in the incomplete LU factors
is comparable with the number of nonzeros in the New preconditioner. Incomplete
factorization based preconditioning is known to be very effective for M -matrices [26]
but can fail for some nonsymmetric problems [4, 18, 28, 29]. For test problems NON-
SYMA, NONSYMB, and NONSYMC we compute the ILUT preconditioner after
applying a symmetric reverse Cuthill–McKee reordering of the matrix. Benzi, Szyld,
and van Duin [4] show that for nonsymmetric problems such reorderings dramatically
improve the effectiveness of incomplete factorization based preconditioners. Note that
reordering is not required for the New preconditioner.

In Table 7.1 we present timings and iteration counts for solving the test prob-
lems using GMRES. Convergence histories for some of these problems are given in
Figures 7.1, 7.2, and 7.3. The New preconditioner is Algorithm 2 implemented with a
wavelet transform of level L < N . The choice of L varies between problems. For each
of the finite difference problems we fix L, though N varies. The New preconditioner
is very effective and gives substantial improvement over Algorithm 1 and over no
preconditioning. In most cases the fewest iterations are required with ILUT precon-
ditioning. Algorithm 1 and New compute and explicitly store the preconditioner, and
application of the preconditioner at each iteration of GMRES involves only matrix-
vector multiplication. In contrast, application of the ILUT preconditioner involves
triangular solves, which are difficult to parallelize.

In Table 7.2 we present setup times and number of nonzeros for the precondi-
tioning strategies. The setup time for Algorithm 1 includes the time tDWT taken to
compute Ã and the time tSPAI taken to compute the sparse approximate inverse. The
setup time for New includes the time tDWT taken to compute W and the time tSPAI

taken to compute the sparse approximate inverse. In almost every case the setup
time for New is less than that for Algorithm 1. The setup time tFACT for ILUT is
less than that for the other preconditioners. However, the sparse approximate in-
verse components of Algorithm 1 and New are easy to implement in parallel. The
discrete wavelet transform can also be implemented in parallel [19]. In contrast, the
incomplete factorization in ILUT is difficult to implement in parallel.
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Table 7.1

GMRES iterations “Itns” and time “tGMRES” required to reduce the residual norm by a factor
of 10−8. A × denotes that 1000 steps of GMRES were insufficient to achieve this reduction of the
residual norm. New denotes a variant of Algorithm 2. All times are measured in seconds. The
superscript ∗ denotes that the iteration matrix is a submatrix of the original matrix. ILUT inverts
the matrix exactly for the 1D Laplacian. ILUT fails for the nonsymmetric problems NONSYMB and
NONSYMC when the lexicographical ordering is used. The superscript † denotes results obtained
for a reverse-Cuthill–McKee reordering of the original system.

None ILUT Alg. 1 New
Experiment Size Itns tGMRES Itns tGMRES Itns tGMRES Itns tGMRES

1D Laplacian 256 256 0.16 — — 155 0.11 23 0.00
512 512 1.36 — — 282 0.67 40 0.03
1024 × × — — 520 3.89 74 0.19
2048 × × — — 970 24.67 140 0.89

2D Laplacian 256 44 0.00 8 0.00 29 0.01 28 0.02
1024 90 0.09 12 0.02 51 0.19 58 0.16
4096 179 1.59 23 0.17 95 1.94 118 1.76

2D Disc 256 188 0.08 6 0.01 249 0.31 28 0.00
1024 645 4.19 11 0.02 × × 60 0.17
4096 × × 21 0.16 × × 128 1.89

3D Laplacian 512 27 0.01 5 0.00 20 0.09 17 0.08
4096 54 0.23 9 0.16 32 1.33 34 1.06

3D PDE 512 39 0.02 5 0.01 22 0.09 18 0.08
4096 79 0.42 9 0.16 35 1.50 38 1.19

Sherman 3 2048∗ 331 2.56 5 0.03 311 8.27 50 0.73

Sherman 4 1104 127 0.23 57 0.06 115 0.33 92 0.17
768∗ 97 0.11 15 0.00 86 0.23 54 0.11

Watt 1 1856 403 3.41 24 0.05 154 1.08 115 0.58

RDB2048L 2048 134 0.53 8 0.09 201 2.53 69 1.09

NONSYMA 1024 299 1.05 11† 0.02† 672 6.95 80 0.25

NONSYMB 1024 299 1.00 16† 0.03† 906 11.72 76 0.22

NONSYMC 1024 392 1.73 ×† ×† × × 155 0.59
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Fig. 7.1. (a) Variants of the New preconditioner perform well for the 1D Laplacian. Using
cheaper variants such as L = 4 and L = N + GMRES impairs the performance. (b) GMRES with
ILUT preconditioning and New preconditioning converge quickly for the Sherman 3 problem.
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Fig. 7.2. (a) GMRES with ILUT preconditioning converges very quickly for the 2D Disc problem
[9]. The New preconditioning strategy is also very effective. (b) GMRES with ILUT preconditioning
converges very quickly for the 3D Laplacian. This is an easy problem for ILUT but a challenging
problem for sparse approximate inverse based preconditioners. Nevertheless the New and Algorithm
1 preconditioners perform well.
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Fig. 7.3. The nonsymmetric problems (a) NONSYMB and (b) NONSYMC are challenging for
all of the preconditioners. For both problems New is effective but ILUT fails. ILUT can be made
effective for NONSYMB by preordering the system with a reverse-Cuthill–McKee ordering (denoted
RCM-ILUT).

Remark 7.1.

1. In section 4 we showed that the sparse approximate inverse and discrete
wavelet transform components of New have linear complexity in n. This linear com-
plexity can be observed in Table 7.2.

2. Most of the setup time for New is the time taken to compute the sparse
approximate inverse in serial. However this task is easily parallelized, especially when
A is banded, because then load balancing is easy even though the number of nonze-
ros in each column of M̂ varies. We expect the time taken to compute the sparse
approximate inverse to be of order n/p when there are p processors used in parallel.

3. Improved iteration counts and tGMRES can be achieved by increasing the level
L of the wavelet transform. Corresponding increases in tSETUP can in some part be
alleviated by using GMRES to compute dense rows of the preconditioner.

4. The two- and three-dimensional problems yield better conditioned matrices
than the one-dimensional problems because the ill conditioning of the matrix grows
with decreasing mesh size rather than the size of the matrix. In fact the condition
number for the d-dimensional Laplacian problem grows like n2/d.
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Table 7.2

Setup times and numbers of nonzeros in the preconditioner for the experiments in Table 7.1.
New denotes a variant of Algorithm 2. Although the setup time tFACT for ILUT is typically less than
the setup time tDWT +tSPAI for the New strategy, both the discrete wavelet transform and the sparse
approximate inverse components of the New strategy can be easily implemented in parallel. The fill-in
parameters for ILUT ensure that the number of nonzeros “Nnz” in the preconditioner is comparable
between ILUT and New. The superscript ∗ denotes that the iteration matrix is a submatrix of the
original matrix. The superscript † denotes results obtained for a reverse-Cuthill–McKee reordering
of the original system.

ILUT Alg. 1 New
Experiment Size Nnz tFACT Nnz tDWT tSPAI Nnz tDWT tSPAI

1D Laplacian 256 766 0.00 1330 0.00 0.00 3328 0.00 0.03
512 1534 0.00 2616 0.01 0.03 6656 0.00 0.05
1024 3070 0.00 5182 0.09 0.06 13312 0.00 0.11
2048 6142 0.00 10308 0.20 0.22 26624 0.00 0.27

2D Laplacian 256 3896 0.00 1996 0.03 0.05 4096 0.00 0.02
1024 16024 0.02 6764 0.38 0.39 16384 0.00 0.09
4096 64856 0.09 24172 2.77 3.95 65536 0.02 0.66

2D Disc 256 3893 0.00 1996 0.03 0.05 4096 0.00 0.01
1024 16021 0.00 6764 0.38 0.39 16384 0.00 0.09
4096 64853 0.09 24172 2.75 4.36 65536 0.02 0.64

3D Laplacian 512 30386 0.05 4588 0.45 0.25 32768 0.00 1.63
4096 256237 1.30 32236 18.38 23.53 262144 0.05 16.02

3D PDE 512 30376 0.05 4588 0.47 0.25 32768 0.00 1.66
4096 256113 1.31 32236 19.36 24.11 262144 0.03 16.05

Sherman 3 2048∗ 66978 0.19 13382 4.58 3.13 131072 0.02 4.98

Sherman 4 1104 2698 0.00 7416 0.03 0.08 4416 0.00 0.03
768∗ 6709 0.02 5816 0.19 0.28 12288 0.00 0.06

Watt 1 1856 17348 0.02 15114 0.16 0.30 18560 0.00 0.19

RDB2048L 2048 199378 0.25 12076 1.19 1.16 204800 0.05 107.41

NONSYMA 1024 16120† 0.01† 6764 0.38 0.41 16384 0.00 0.09

NONSYMB 1024 16131† 0.01† 6764 0.38 0.41 16384 0.02 0.09

NONSYMC 1024 15984† 0.00† 6764 0.41 0.39 16384 0.00 0.11

Table 7.3

Results from variants of Algorithm 2 applied to the 1D Laplacian problem. The best iteration
counts “Itns” and times “tGMRES” are obtained when the number of levels of wavelet transform L
is large. The setup time “tSETUP” increases with L but this can in some part be alleviated by using
GMRES for computing dense columns in the preconditioner. All times are measured in seconds.

L = N L = N with GMRES L = 4
Size Itns tGMRES tSETUP Itns tGMRES tSETUP Itns tGMRES tSETUP

256 6 0.00 0.38 18 0.00 0.05 23 0.00 0.03
512 6 0.00 2.56 20 0.03 0.34 40 0.03 0.05
1024 6 0.02 23.70 22 0.06 2.81 74 0.19 0.11
2048 6 0.05 210.25 24 0.17 23.20 140 0.89 0.27

The effects of varying L can be seen in Table 7.3, where we present results obtained
for the 1D Laplacian with L = 4 and L = N . When L = N the preconditioner has
some full columns so that this strategy is impractical and we include it only for
comparison. This strategy can be made more practical by computing column mj

using GMRES whenever |Sj |/n > 1/2. Results are presented for this modification.
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Table 7.4

Results for a dense problem. The New preconditioning strategies produce large reductions in
the number of GMRES iterations required to reduce the residual norm by a factor of 10−8. For New
strategies S is 3bandwidth 3, 4bandwidth 7. The superscripts 1 and 2 denote that dense columns of
the preconditioner were computed using GMRES with A and S, respectively. For this experiment,
which was performed in MATLAB, we use (D4) Daubechies 4 wavelets [17] and (A) multiwavelets [1].

None Alg. 1 New L = N New1 L = N New L = N − 2 New2 L = N
– D4 A D4 A D4 A D4 D4 A

BIE3 613 162 166 89 94 108 125 89 75 60
BIE4 613 162 166 60 67 72 87 60 73 59

In Table 7.4 we present results for the dense problem BIE. The matrix is complex
but the theory is the same as for the real case. These experiments were performed
in MATLAB using the Daubechies 4 wavelets [17] and also a basis of supercompact
orthogonal multiwavelets [1]. Algorithm 2 is implemented with the adaptations de-
scribed in section 5 for dense problems. The variants of Algorithm 2 required the
fewest iterations. Using the multiwavelets led to fewer iterations than using the
Daubechies 4 wavelets. We believe this is due to the higher compression that can
be achieved with the multiwavelets, which have more vanishing moments than the
Daubechies 4 wavelets.

8. Conclusion. We have introduced a new wavelet sparse approximate inverse
preconditioner. The new preconditioner, in common with the preconditioners of Chan,
Tang, and Wan [9] and Cohen and Masson [15], takes advantage of the compression
and structure created by working in a wavelet basis. Like the Cohen and Masson
preconditioner [15] the new preconditioner takes into account interactions between
scales, which is considered essential for robustness. However, the new preconditioner
works with A rather than with the wavelet transform of A and this makes the compu-
tation of the sparse approximate inverse easier because, first, the wavelet transform
of A need not be computed and, second, when A is sparse it is often sparser than its
wavelet transform. We have considered efficient application of the new preconditioner
and the Chan, Tang, and Wan preconditioner [9] to sparse and dense matrices.

To facilitate easy computation of our preconditioner we have (a) considered part
wavelet transforms and developed a mixed least squares/GMRES sparse approximate
inverse algorithm, and (b) considered efficient ways of computing the wavelet basis
matrix W .

The new preconditioning strategy has been tested on a range of sparse and dense
linear systems arising from discretization of partial differential equations and bound-
ary integral equations. In all cases the preconditioner has been shown to be very useful
in reducing the number of GMRES iterations required to solve the linear system.

Appendix. Compression theorem. We now state the proof of Theorem 6.1.
Proof. We begin by expanding K as a Taylor series in x about x0 = inf Ij to give

K(x, y) = K(x0, y)+ (x−x0)
∂K

∂x
(x0, y)+ · · ·+ (x− x0)

m−1

(m− 1)!

∂m−1K

∂xm−1
(x0, y)+R(x, y),

where the remainder

R(x, y) =
(x− x0)

m

m!

∂mK

∂xm
(ξ, y)

for some ξ ∈ Ij . All terms in the Taylor series, except for the remainder term, are
orthogonal to ψj because of the vanishing moments properties of the wavelets.
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Now

N̂ij =

∫
Īi

∫
Ij

K(x, y)ψj(x)dxhi(y)dy

and ∫
Ij

K(x, y)ψj(x)dx =

∫
Ij

R(x, y)ψj(x)dx

=

∫
Ij

(x− x0)
m

m!

∂mK

∂xm
(ξ, y)ψj(x)dx

=
∂mK

∂xm
(ξ, y)

∫
Ij

(x− x0)
m

m!
ψj(x)dx.

It follows that ∫
Īi

∫
Ij

K(x, y)ψj(x)dxhi(y)dy

=

∫
Īi

∂mK

∂xm
(ξ, y)

∫
Ij

(x− x0)
m

m!
ψj(x)dxhi(y)dy

=

(∫
Ij

(x− x0)
m

m!
ψj(x)dx

)∫
Īi

∂mK

∂xm
(ξ, y)hi(y)dx.

The Cauchy–Schwarz inequality gives∣∣∣∣∫
Īi

∂mK

∂xm
(ξ, y)hi(y)dy

∣∣∣∣
≤
(∫

Īi

∂mK

∂xm
(ξ, y)2dy

)1/2(∫
Īi

hi(y)
2dy

)1/2

≤
(∫

Īi

∂mK

∂xm
(ξ, y)2dy

)1/2

‖hi‖2

=

(∫
Īi

∂mK

∂xm
(ξ, y)2dy

)1/2

≤ |Īi|1/2 sup
y∈Īi

∣∣∣∣∂mK

∂xm
(ξ, y)

∣∣∣∣ .
A similar argument shows∣∣∣∣ ∫

Ij

(x− x0)
m

m!
ψj(x)dx

∣∣∣∣ ≤ |Ij |(2m+1)/2

m!(2m + 1)1/2
.

Combining these gives∣∣∣∣ ∫
Īi

∫
Ij

K(x, y)ψj(x)dxhi(y)dy

∣∣∣∣ ≤ |Ij |(2m+1)/2

m!(2m + 1)1/2
|Īi|1/2 sup

y∈Īi

∣∣∣∣∂mK

∂xm
(ξ, y)

∣∣∣∣
≤ |Ij |(2m+1)/2

m!(2m + 1)1/2
|Īi|1/2

Cm

dist(Ij , Īi)m+1

≤ C|Ij |(2m+1)/2 1

dist(Ij , Īi)m+1
,
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where

C = Cm
|Īi|1/2

m!(2m + 1)1/2
.

Here we make use of the fact that the functions {hi} are a fixed scale basis and so |Īi|
is constant.
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